Abstract. Let a, c ≥ 0 and let B be a compact set of scalars. We introduce property M * (a, B, c) of Banach spaces X by the requirement that lim sup
Introduction
Let X be a Banach space (over K = R or C) and let I X (or simply I) denote the identity operator on X. A net (K α ) of compact operators on X is called a compact approximation of the identity (CAI) provided K α −→ I X strongly (i.e. K α x −→ x for any x ∈ X). In particular, if K α are finite rank operators, then (K α ) is called an approximation of the identity (AI). If moreover, K
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In the present paper, we shall be concerned with special cases of lifting the M(C)AP from X to X * : we shall study the geometric structure of Banach spaces with the M(C)AP which guarantees the existence of shrinking (compact) approximations of the identity having certain important properties. The starting point of our investigations is the following fundamental result of Kalton and Werner [28, Theorem 2.7] . (In [28] , the sequential version of (M * ) is used; both versions are equivalent whenever X is separable.)
Theorem (Kalton-Werner
Some insight was then given into the Kalton-Werner theorem by Lima [31] who proved that the existence of the (K n ) ∞ n=1 with the above properties in a separable Banach space X with the MCAP is in fact equivalent to its property (wM * ), i.e.
lim sup
whenever (x * ν ) is a bounded net converging weak * to x * in X * . Since (wM * ) is (seemingly) weaker than (M * ), Lima's argument actually gives a new proof of the Kalton-Werner theorem which is somewhat shorter and simpler than the original one. Both these proofs rely on the separability of X. However, with a different argument, Lima [31] also established similar results for reflexive spaces.
The following theorem is the main result of this paper (see Theorem 3.5 in Section 3). We denote by K(X) the Banach space of compact operators on X and by B K(X) , its closed unit ball. whenever (x * (a, B, c). We show, for example, that any separable Banach space with separable dual can be equivalently renormed to have property M * (1, {b : |b + 1| ≤ r}, 0), where 0 ≤ r < 1. On the other hand, we show that any MCAI in a Banach space X is shrinking whenever X satisfies M * (a, B, c) with max |B| + c > 1. The (easy) implication 1
• =⇒ 2
• of the Theorem is also proved in Section 1.
The implication 2
• =⇒ 3
• is established in Section 2. Its proof relies on the Simons sup-lim sup theorem. For separable X, this already completes the proof of the Theorem. The separable version of the Theorem contains, in particular, Lima's and the Kalton-Werner theorems providing their new and simpler proof. In the complex case, it also strengthens the Kalton-Werner theorem, showing that then (K n ) ∞ n=1 actually satisfies lim I X − (1 + λ)K n = 1 whenever |λ| = 1. The Kalton-Werner theorem and Theorem 2.4 in [27] by Kalton 
. (This is a basic result of the theory of M -ideals of compact operators.) The separable version of the Theorem contains this result providing its direct and much easier proof.
In Section 3, using an inductive technical construction, we show that 3
• =⇒ 1
• . This completes the proof of the Theorem extending, in particular, Lima's and the Kalton-Werner theorems -together with their complex versions -to arbitrary (nonseparable) Banach spaces.
In Section 4, results of Sections 1-3 are applied to study special classes of ideals of compact and approximable operators. In particular, this provides an alternative unified and easier approach to the theories of M -, u-, and h-ideals of compact operators (cf. [20, Chapter VI] together with [28] , and [4] , [16] , [31] ).
Let us now fix some more notation. In a Banach (or normed linear) space X, we denote the unit sphere by S X and the closed unit ball by B X . For a set A ⊂ X, its norm closure is denoted by A, its linear span by span A, and its convex hull by convA. We denote the set of all weak * strongly exposed points of B X * by 
The contradiction proves that Y has property M * (a, B, c). The following simple lemma (which will be needed in Section 3 below to prove the main result of the paper) shows that the existence of certain approximations of the identity implies M * (a, B, c). 
Proof. Let (x * ν ) be a bounded net converging weak * to x * in X * . It is clearly enough to consider the case when y * < x * . Choose x ∈ X so that x * (x) = 1 and y * < 1/ x . Denoting S = y * ⊗ x, we have S < 1 and y
and the conclusion follows by taking lim sup α . 
Remark. It is well known that c 0 has property (M + . Let us recall that the question about the existence of such a renorming comes from the paper [7] by van Dulst and Singer (cf. also [11] 
Remark. It is known (this is an extension of classical results of Grothendieck) that whenever an Asplund space has a shrinking AI (resp. CAI), it also has a shrinking MAI (resp. MCAI) (cf. [17, Theorem 1.5], [5] or [6, p. 246 ] (for the case of AI)).
The proof of Lemma 2.1 relies on the following variant of the Simons sup-lim sup theorem. For the sake of completeness, we present here its direct easy proof (cf. [39, Lemma 2, Theorem 3]) which does not depend on an eigenvector argument (cf. [40] ).
Theorem 2.2 (Simons). Let (x n )
∞ n=1 be a bounded sequence in a Banach space X. Let G be a bounded subset of X * and let F ⊂ G be such that, for all x = ∞ n=1 λ n x n with λ n ≥ 0 and
Denote σ(x) = sup g∈G Reg(x), x ∈ X, and
Since C k is a bounded set,
Hence, using that v ∈ C 1 and 2
This contradicts (1).
Remark. The above argument also yields easy proofs of the Simons additive diagonal lemma (cf. [40] ) and the Simons inequality (cf. [39, Lemma 2] 
or [19, Lemma 75]).
Proof of Lemma 2.1. We first prove that
Hence, by Theorem 2.2, it suffices to prove (
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Hence, for any fixed n ∈ N,
which implies (3) by taking lim sup n . Let us now fix S ∈ B K(Y ) . We shall show that, for any n ∈ N and for any > 0,
Since K(Y ) is separable, the existence of the required (K n ) ∞ n=1 will then follow by a standard diagonal argument.
To show (4), it is clearly enough to consider the case when B is finite, say (4) is false, then applying the Hahn-Banach separation theorem in the product space m k=1 L(Y ) equipped with the maximum norm, we get functionals
(where B(x, r) denotes the closed ball with center x and radius r). Consequently, by (3),
which is a contradiction.
In Section 3 below, we shall need the following immediate consequence of Lemma 2.1 and Corollary 1.7.
Corollary 2.3. Let X be a Banach space satisfying property M * (a, B, c) with
Lemma 2.1, together with the remark after it, Lemma 1.1, and Corollary 2.3 yield, for separable Banach spaces, the following characterization of the existence of special shrinking approximations of the identity. 
1
• . X has a shrinking AI (resp. CAI) and property M * (a, B, c).
for every S ∈ B K(X) . 3
• . For every rank one operator S ∈ B K(X) , X has a shrinking AI (resp. CAI)
• , and 3
• are equivalent to the following assertion.
X has the MAP (resp. M CAP ) and property M * (a, B, c) .
Remark. If X * is separable and has an AI, then X has a shrinking AI (this easily follows from the principle of local reflexivity) and, as mentioned above, X even has a shrinking MAI. If X * is separable and has a CAI, then X may fail to have a shrinking CAI [18] 3. Separably determined approximations of the identity.
The main theorem
In the present section, we prove that the existence of the approximations of the identity related to the M * (a, B, c)-property is separably determined (see Theorems 3.3 and 3.4 below). This together with results of previous sections will give the main result of the present paper (Theorem 3.5).
We begin by showing that property M * (a, B, c) is separably determined. for some δ > 0. Choose x 0 ∈ S X and ν 1 so that y * < |x * (x 0 )| and
This means that Y fails property M * (a, B, c).
For the following results, let us recall that, as everywhere, a, c ≥ 0 and B ⊂ K is a compact set.
Lemma 3.2. Let X be a Banach space and T ∈ B L(X) . If X has the MAP (resp. M CAP ) and all its separable closed subspaces Y with an MAI
(resp. MCAI) (L n ) ∞ n=1 have
the property that whenever S ∈ B K(Y ) , then there exists a sequence
then, for any S ∈ B K(X) , there exists an MAI (resp. MCAI) (K α ) of X such that
Remark. For the results of this section, only the case T = I X of Lemma 3.2 is needed. The general case will be used in Section 4 below.
Proof of Lemma 3.2. We shall prove the result only in the MCAP case. The MAP case will be evident from the proof below. We shall develop an idea from our paper [36] (where it was used to show that M -ideals of compact operators are separably determined). We denote by s op the strong operator topology on L(X). We assume for contradiction that the condition of the lemma is not satisfied: for some S ∈ B K(X) , there is no such MCAI. Then there are > 0 and a convex s op neighbourhood U 0 of I = I X so that
We clearly may assume that B is finite, say
Let (L α ) α∈A be a net in B K(X) converging to I in the s op . We shall pick a sequence α 1 , α 2 , . . . in A and define a separable closed subspace Y ⊂ X so that
This will contradict the assumption and complete the proof.
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For all n ∈ N, we denote by Λ n a finite /(4 max |B| + 1)-net in the subset
We begin by choosing any K 1 := L α1 ∈ U 0 such that K 1 x − x < 1 for all x ∈ S(B X ). Let us then assume that a convex s op neighbourhood U n−1 ⊂ U n−2 (where U −1 := U 0 ) and
, and put C n = {x l,λ : l ∈ {1, . . . , m}, λ ∈ Λ n }. Further, let the product space L := m l=1 L(X) be equipped with the maximum norm and also with the product topology s op ×· · ·×s op . Denote
. . , cS)}
and notice that F n is closed in s op × · · · × s op . Since (aT, . . . , aT ) / ∈ F n (by (6)), there exists a convex s op neighbourhood U n ⊂ U n−1 of I so that, for the convex
Let us put Y = {x ∈ X : lim K n x = x}. It is straightforward to check that Y is a separable closed subspace of X, S(X) ⊂ Y , and
. . , K n } for some n. Hence, for some λ ∈ Λ n and all l = 1, . . . , m, we have aT
by (7) (recall that T ∈ V n ). As it was observed above, this completes the proof. Remark. Theorem 3.4 remains valid if one replaces "for any S" by "for any rank one S". This is clear from its proof.
Question. We do not know whether Theorem 3.4 remains valid if one replaces MAI by MCAI. We do not know whether it is true that X has the MCAP whenever every separable closed subspace of X is contained in a separable closed subspace having the MCAP. If the last assertion is true, then Theorem 3.4 remains also valid for the MCAI case (as the above proof shows).
We have essentially proved the following (main) result. a, B, 0) ; that is,
The special case a = 1, B = {−2} of Corollary 3.6 was proved by Lima [31, Theorem 4.2] for separable X and (with a different argument) for reflexive X. This case of Corollary 3.6 gives an internal geometric characterization of the so-called unconditional M(C)AP with adjoint operators (cf. [4] , [16] ). As it can be seen from Corollary 3.6, the complex version of this unconditional M(C)AP (cf. [16] ) is intrinsically characterized by property M * (1, {b ∈ C : |b + 1| = 1}, 0). Corollary 3.6 also applies to characterize shrinking MAI related to Lemma 2.2 of [16] through property M * (a, B, 0) with a > 0 and B compact. Corollary 3.6 will further be developed in Corollary 4.5 below.
Let us finally mention the following immediate conclusion from Corollary 3.6 because it represents the general (i.e., non-separable) version of the Kalton-Werner theorem (cf. the Introduction) giving also its extension to the complex case. , then X has a shrinking MAI (resp. MCAI) (K α ) satisfying
whenever |λ| = 1.
Applications to ideals of compact and approximable operators
According to the terminology in [16] , a closed subspace K = {0} of a Banach space L is said to be an ideal in L if there exists a norm one projection P on L *
. In this case, we shall say that P is an ideal projection.
The class of M -ideals is extensively studied by many authors (see, e.g., the monograph [20] for results and references). If I − 2P = 1, then K is called a u-ideal [4] , and its complex version with I − (1 + λ)P = 1 whenever |λ| = 1 is called an h-ideal [16] . A deep study of u-and h-ideals was made in [16] (see also [4] , [8] , [9] , [14] , [15] , [21] , [31] , [35] , [37] ). If there are r, s ∈ (0, 1] so that r P f + s f − P f ≤ f for all f ∈ L * , then K is called an ideal satisfying the M (r, s)-inequality. Those ideals of compact operators were recently studied in [2] . Finally, let us recall that every Banach space X is an ideal in X * * with respect to the canonical projection π X of X * * * onto X * . As an application of the previous sections, we shall prove the following theorem which, in particular, yields an alternative unified approach to the theories of M -, u-, and h-ideals of compact operators (cf. [20, Chapter VI], together with [28] , and [4] , [16] , [31] ).
Let a, c ≥ 0 and let B ⊂ K be a compact set. We shall need the following natural extension of property M * (a, B, c) from spaces to operators. We say that T ∈ B L(X) has property M * (a, B, c 
X is an Asplund space, and
and
• . X has the MAP (resp. M CAP ) and every T ∈ B L has property M * (a, B, c).
4
• . There exists a shrinking M AI (resp. M CAI) (K α ) such that, for any
5
• . For any rank one operator S with S ≤ 1 and any T ∈ B L , there exists a shrinking MAI (resp. MCAI) (K α ) satisfying (9).
Lemma 4.2. Let X be a Banach space and T ∈ B L(X) .
(a) If, for any rank one operator S with S ≤ 1, there exists a net 
We shall apply Lemma 3. 
An immediate application of Lemma 3.2 together with Corollary 1.7 completes the proof of (b).
Proof of Theorem 4.1. We shall need the following well-known result of J. Johnson [22] . Let (K α ) be a shrinking M(C)AI for X. Then, by passing to a subnet of (K α ), one may assume that lim α f (T K α ) exists for all f ∈ L * and T ∈ L, and
is a norm one projection with kerP = K ⊥ (this means that K is an ideal in L and P is an ideal projection).
On the other hand, if K is an ideal in L, X is an Asplund space, and X * = span(w * -sexpB X * ), then, by [2, Proposition 3.2], X admits a shrinking M(C)AI (K α ) and the ideal projection is unique. 1
• . By the above, X admits a shrinking M(C)AI (K α ) which may be assumed to satisfy (10) .
The main idea of the argument below is due to W. Werner [43, proof of Theorem 3.5] who applied it to studying inner M -ideals in unital Banach algebras. However, we shall not employ Banach algebra techniques but follow [2, proof of Theorem
H ⊂ L are finite dimensional subspaces, Φ containing P * I, and > 0, directed in a natural way. As in [2, proof of Theorem 3.1], using a version of the principle of local reflexivity, due to Behrends [1] , we have, for every β, an operator
(cf. (10)), after switching to the product index set {(α, β)} (with the product ordering) and passing to convex combinations, we may assume that
Consider S, T ∈ B L . The above conditions easily yield that, for any b ∈ B,
The last norm is not greater than 1. In fact, the inequality of 1 • means that the operator
Since its adjoint also has norm ≤ 1, we have, in particular, that
−→ 0 whenever S ∈ K(X) and the existence of an MAI for X implies that A(X) = K(X) (the last fact is well known and easy to prove (cf., e.g., [33] , p. 32).
We first note that π X satisfies the required inequality because X (or equivalently I X ) has property M * (a, B, c) (see Proposition 1.3). Further, let (L α ) denote an M(C)AI for X. According to a well-known result of J. Johnson [22] (this is the symmetric version of the result used in the beginning of the proof of Theorem 4.1), by passing to a subnet of (L α ), one may assume that lim α f (L α T ) exists for all f ∈ L * and T ∈ L, and K is an ideal in L with respect to the ideal projection P defined by
Let us fix b ∈ B and f ∈ L * . For given > 0, we choose S ∈ B K (using (11) here) and T ∈ B L so that
By Lemma 4.2, (b), for S and T , there exists a shrinking M(C)AI (K α ) satisfying (9) . By the above, we also may assume that (K α ) satisfies (10) . Consequently,
Since is arbitrary, this finishes the proof.
• . It suffices to show that r(V ) ≤ 1/(max |B| + c) for any proper closed subspace V of X * because then X is an Asplund space and X * = span(w * -sexpB X * ) by the proof of Corollary 1.6. As in the proof of Proposition 1.5, we may assume that V = ker x * * where x * * ∈ S X * * . Let β = max |B| = b sgn b for some b ∈ B. We clearly have the inequality 
• . X has the M CAP and property (M * ). 4
• . There exists a shrinking M CAI (K α ) such that
7
• . For any rank one operator S with S ≤ 1, there exists a shrinking MCAI Question. We do not know whether Corollaries 4.7-4.9 hold for compact operators (cf. the Question after Theorem 3.4).
